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We explore the possibility for generalized electromagnetism on flat spacetime. For a single copy of
U(1) gauge theory, we show that the Galileon-type generalization of electromagnetism is forbidden.
Given that the equations of motion for the vector field are gauge invariant and Lorentz invariant,
follow from an action and contain no more than second derivative on Aµ, the equations of motion
are at most linear with respect to second derivative of Aµ.
I. INTRODUCTION
Scalar fields models with derivative self-interactions and second order field equations have attracted considerable
attention recently. Inspired from the decoupling limit of the Dvali-Gabadadze-Porrati (DGP) model [1], scalar field
models known as Galileons have been introduced on flat spacetime [2]. These Galileons can be defined as the
most general Lorentz invariant scalar models which have field equations containing only second order derivatives
on Minkowski spacetime. In four dimensions, there are only four nontrivial such theories1. Galileons have been
extended to curved spacetime [3, 4], and to a larger family covering all the (single) scalar field models which have field
equations of order less than or equal to two on flat spacetime (as opposed to the original Galileons which have field
equations of exactly second order) [5]. In fact, those models have been discovered much earlier than the introduction
of the Galileons, first by Horndeski, who obtained all the scalar-tensor models in four dimensions which have field
equations (for both the metric and the scalar field) of order less than or equal to two [6], and later by Fairlie et al.
in a different context [7–9] using “Euler hierarchies”. Such models (for a review see e.g. [10]) have been used in a
variety of situations, including cosmology. A natural question to ask is whether models with similar properties can
be built for fields of higher spins. Ref. [11] has shown how to obtain the equivalent for p-forms of the Galileons and
their covariantization, and also presented a natural generalization to the case of multi p-forms. Such “multi p-forms
generalized Galileons” include in particular multi-scalar Galileons, or “multigalileons” which were later studied [12–
18]. However, the construction in [11], when restricted to theories containing a single p-form, leads only to trivial (i.e.
theories with vanishing field equations on flat spacetime) theories whenever p is odd and regardless of the spacetime
dimension. And indeed, e.g., there is no known theory of a vector field that would be the analogous of the Galileon
theories of a scalar, i.e. theories for a vector field which would have field equations of just second order on flat
spacetime (besides of course Maxwell theory). Similarly, as far as we know, there is no complete classification of
vector theories that would have field equations of order less than or equal to two on flat spacetime2. The purpose
of this work is to investigate these issues. We will prove in particular that there is no theory equivalent to scalar
Galileons for vector fields, in any spacetime dimensions.
This paper is organized as follows. In the following section we set some notations and review some of the attempts
towards building a “vector Galileon”. In Section III, we prove a no-go theorem for vector Galileons, which is the major
result of this paper. In IV, we explore further properties of the equations of motion and the action. We conclude in
Section V.
1 Five, if one includes the tadpole.
2 Notably, Horndeski studied the most general tensor-vector theory with second order field equations on arbitrary spacetimes (both for
the metric and vector) and charge conservation, with the additional assumption that field equations reduce to Maxwell equations on
flat space, see the original Ref. [19] for more details.
2II. SEARCHING FOR VECTOR GALILEONS, FIRST ATTEMPTS
Considering first a scalar field π, we recall that flat spacetime Galileon actions can be obtained for an arbitrary
spacetime dimension D by taking linear combinations of actions of the form
LN = Aµ1...µn+1ν1...νn+1(2n+2) π,µn+1π,νn+1π,µ1ν1 . . . π,µnνn (1)
where N indicates the number of times of π occurs, N ≡ n + 2 (≥ 2), N ≤ D + 1, and the 2m-contravariant tensor
A(2m) is defined by
Aµ1µ2...µmν1ν2...νm(2m) ≡
1
(D −m)! ε
µ1µ2...µmσ1σ2...σD−m
ε
ν1ν2...νm
σ1σ2...σD−m . (2)
where the (flat spacetime) totally antisymmetric Levi-Civita tensor is given by
εµ1µ2...µD ≡ −δ[µ11 δ
µ2
2 . . . δ
µD ]
D (3)
with here and henceforth square brackets denoting unnormalized permutations. The field equations obtained from the
above Lagrangian (1) are purely second order equations (see e.g. [3, 4]). This agrees in particular with the counting
of derivatives occurring in each of the Lagrangians (1). Indeed, for a fixed number of occurrences N of the scalar
field, there are 2n+ 2 = 2(N − 1) derivatives in the action, as there should in order for the field equations to contain
only second derivatives.
Let us now consider a set of p-forms Aap, where a denotes the type of species, having field strength F
a
p+1 = dA
a
p,
such that the exterior derivative dF a vanishes. Motivated by the action above for a single field π, one can consider
actions given by the formal expression [11]
L = εµ1µ2...εν1ν2...... F aµ1µ2...F bν1ν2...
(
∂µkF
c
νlνl+1... . . .
)(
∂νjF
d
µmµm+1... . . .
)
, (4)
where the different species are labeled by (a, b, . . . ). The number of indices contracted with the first and second
Levi-Civita tensors ε must be the same and not greater than D, but the two terms in parentheses may now involve
different species and therefore a different number of terms. The Bianchi identities (i.e. [d, d] = 0) ensure that only
∂F appears in the field equations, which therefore remain of order two in derivatives. However, it was shown in [11]
that such actions are void when one considers just a single species of an odd-p form (i.e. in the expression above p
odd and all species indices (a, b, . . . ) taken to be the same). In this case indeed, the action is a total derivative and
hence leads to vanishing field equations. This is the case e.g. for the vector action in 5 dimensions given by [11]
I =
∫
d5x εµνρστ εαβγδǫ FµνFαβ ∂ρFγδ ∂ǫFστ (5)
A “vector Galileon”, i.e. a vector theory with nonlinear second order field equation, if exists at all, has to be looked
for in another way. One way to proceed is to consider the simplest possible case and assume that we start from an
action that can be expressed in terms of the field strength Fµν = ∂[µAν] of a vector Aµ. If we demand that field
equations are purely of second order and, say, are polynomial functions of ∂F of degree N −1, one sees that each such
polynomial expression contains 3(N − 1) space time indices (among which 2(N − 1) are counting spacetime indices
of derivatives, and (N − 1) indices are carried by the vector Aµ), which must all but one be contracted together in
order to yield field equations which have just one free vector indices (as it must be the case for the field equations
of a vector Aµ). Hence 3(N − 1) must be odd which further means that the simplest possible such model (beyond
the trivial Maxwell case, which corresponds to N = 2) must have N = 4, i.e. must have a Lagrangian of the form of
linear combinations of monomial A∂F∂F∂F , or rather, integrating by part, of the form
FF∂F∂F (6)
with all the 10 indices appearing there contracted together. In fact, the above construction (4) of [11] yields such an
action for N = 4 (identical) vector field in D = 5 (and this also can be generalized to higher dimensions) which reads
as in (5) but has vanishing field equations as we just said. It is however possible to scan all possible such models
in D = 4 dimensions by considering all the possible scalars of the form (6) and see if there exists some combination
of them yielding purely second order non trivial field equations. The corresponding detailed discussion is given in
Appendix A, its outcome is that such a theory does not exist in 4 dimensions. In the following, we will provide a
more general proof of this, valid in particular for an arbitrary number of dimensions and an arbitrary power of the
vector field.
3III. NO-GO THEOREM
In this section we prove the no-go theorem for generalized vector Galileons on flat spacetime with arbitrary dimen-
sions.
A. Assumptions
We consider a vector field Aµ in D-dimensional Minkowski spacetime (M, ηρσ) and introduce the U(1) gauge
transformation
Aν → A¯ν = Aν + λ,ν , (7)
where λ is an arbitrary scalar. We denote the equations of motion for the vector Aµ by E
µ = 0.
Hereafter, we assume that (i) Eµ is invariant under the gauge transformation (7); (ii) Eµ depends on at most
second-order derivatives of Aµ as
Eµ = Eµ(Aν , Aν,ρ , Aν,ρσ , ηρσ , ǫ) , (8)
and (iii) Eµ follows from variation of an action of the form
I =
∫
dDxL(Aν , Aν,ρ , · · · , Aν,ρ1···ρh , · · · , ηρσ , ǫ) (9)
as
δI =
∫
dDxEµδAµ. (10)
Here, ǫ represents the totally antisymmetric Levi-Civita tensor given in (3).
Under these assumptions we shall prove that Eµ is at most linear in second derivatives of the vector field.
B. From equations of motion to action
In this subsection we consider the condition under which equations of motion of the form
Eµ(Aν , Aν,ρ , Aν,ρσ , ηρσ , ǫ) (11)
can be derived from an action principle as in (10). For simplicity, we denote the above expression as Eµ(x) throughout
this subsection.
Since Eµ(x) can be written as
Eµ(x) =
∫
dDyEµ(y)δD(y − x), (12)
the functional derivative of Eµ(x) w.r.t. Aν(y) is calculated as
δEµ(x)
δAν(y)
=
∂Eµ(y)
∂Aν(y)
δD(y − x)− ∂
∂yρ
[
∂Eµ(y)
∂Aν,ρ(y)
δD(y − x)
]
+
∂2
∂yρ∂yσ
[
∂Eµ(y)
∂Aν,ρσ(y)
δD(y − x)
]
. (13)
Multiplying this with a well-behaved function F(y) and integrating over y, we obtain∫
dDyF(y)δE
µ(x)
δAν(y)
= F(x)∂E
µ(x)
∂Aν(x)
+
∂F(x)
∂xρ
∂Eµ(x)
∂Aν,ρ(x)
+
∂2F(x)
∂xρ∂xσ
∂Eµ(x)
∂Aν,ρσ(x)
. (14)
Similarly, we obtain ∫
dDyF(y) δE
ν(y)
δAµ(x)
= F(x)∂E
ν(x)
∂Aµ(x)
− ∂
∂xρ
[
F(x) ∂E
ν(x)
∂Aµ,ρ(x)
]
+
∂2
∂xρ∂xσ
[
F(x) ∂E
ν(x)
∂Aµ,ρσ(x)
]
. (15)
4Therefore we obtain∫
dDyF(y)
[
δEµ(x)
δAν(y)
− δE
ν(y)
δAµ(x)
]
= F(x)[Eµ;ν (x)− Eν;µ(x)]
+F(x)∂ρ[Eν;µ,ρ(x) − ∂σEν;µ,ρσ(x)]
+
∂F(x)
∂xρ
[Eν;µ,ρ(x) + Eµ;ν,ρ(x)− 2∂σEν;µ,ρσ(x)]
+
∂2F(x)
∂xρ∂xσ
[Eµ;ν,ρσ(x) − Eν;µ,ρσ(x)], (16)
where above and henceforth we adopt the notation
T ··· ;ν,ρσ··· ≡
∂T ······
∂Aν,ρσ
, T ··· ;ν,ρ··· ≡
∂T ······
∂Aν,ρ
, T ··· ;ν··· ≡
∂T ······
∂Aν
. (17)
Let us now suppose that the equations of motion are derived from an action principle as (10). In this case, the
l.h.s. of (16) is written as
∫
dDyF(y)
[
δ
δAν(y)
,
δ
δAµ(x)
]
I (18)
and thus should vanish for ∀F . By requiring that the r.h.s. of (16) vanish for ∀F , we thus obtain the integrability
conditions as
Eµ;ν − Eν;µ + ∂ρ(Eν;µ,ρ − ∂σEν;µ,ρσ) = 0 , (19)
Eν;µ,ρ + Eµ;ν,ρ − 2∂σEν;µ,ρσ = 0 , (20)
Eµ;ν,ρσ − Eν;µ,ρσ = 0 . (21)
C. Gauge invariance of equations of motion
We demand that Eµ is invariant under the U(1) gauge transformation:
Eµ(A¯ν , A¯ν,ρ , A¯ν,ρσ , ηρσ , ǫ) = E
µ(Aν , Aν,ρ , Aν,ρσ , ηρσ , ǫ), (22)
where A¯µ is given by (7) and
A¯ν,ρ = Aν,ρ + λ,νρ, A¯ν,ρσ = Aν,ρσ + λ,νρσ . (23)
By taking derivative of the gauge invariance equation (22) w.r.t. λ,νρσ and then setting λ = 0, we obtain the condition
Eµ;ν,ρσ + Eµ;ρ,σν + Eµ;σ,νρ = 0. (24)
In addition, it is obvious from the definition (17) that
Eµ;ν,ρσ = Eµ;ν,σρ. (25)
Similarly by taking derivative of (22) w.r.t. λ,νρ and then setting λ = 0, we obtain
Eµ;ν,ρ + Eµ;ρ,ν = 0. (26)
Finally, by taking derivative of (22) w.r.t. λ,ν and then setting λ = 0, we obtain
Eµ;ν = 0. (27)
This in particular implies that
Eµ = Eµ(Aν,ρ , Aν,ρσ , ηρσ , ǫ). (28)
5D. Symmetries of Eµ;ν,ρσ
Here we summarize properties of Eµ;ν,ρσ and derive a few additional properties. We have already obtained conditions
(21), (25) and (24):
E[µ;ν],ρσ = 0 , (29)
Eµ;ν,[ρσ] = 0 , (30)
Eµ;(ν,ρσ) = 0 , (31)
where here and in the following, parentheses around space-time indices mean a normalized symmetrization, and vertical
bars (such as in the equation below) around indices mean that these indices are omitted in the symmetrization (or
antisymmetrization).
From (29) and (31), we obtain
E(µ|;ν,|ρσ) = 0 . (32)
From (30), (31) and (32), we obtain
E(µ;ν,ρ)σ = 0 , (33)
since (30) implies the identity
2E(µ;ν,ρ)σ = Eµ;(ν,ρσ) + Eν;(ρ,µσ) + Eρ;(µ,νσ) − E(µ|;σ,|νρ) (34)
and each combination in the r.h.s. vanishes.
Hence, symmetrization over any three indices of Eµ;ν,ρσ vanishes. From the above equations, we also have
Eµ;ν,ρσ − Eρ;σ,µν = 0 , (35)
since (30) implies the identity
2E(µ;ν),ρσ − 2E(ρ;σ),µν = 3Eµ;(ν,ρσ) + 3Eν;(µ,ρσ) − 3E(ρ|;σ,|µν) − 3E(σ|;ρ,|µν) (36)
and each combination in the r.h.s. vanishes.
E. Final step of the proof
Note that for Eµ;ν1,ρ1σ1;ν2,ρ2σ2 , the relations in the previous subsection are inherited with respect to each layers of
derivatives {ν1, ρ1σ1} and {ν2, ρ2σ2}. Thus we have
E(µ;ν1|,ρ1σ1;|ν2),ρ2σ2 = Eρ1;σ1,(µ,ν1;ν2),ρ2σ2 = E(ν2|;σ1,|µ,ν1);ρ1,ρ2σ2 = 0 , (37)
where at the first equal sign we have used (35); at the second equal sign we have used (29); and at the third equal
sign we have used (32).
On the other hand, from (29), Eµ;ν1,ρ1σ1;ν2,ρ2σ2 is symmetric w.r.t. the {µ, ν1} indices and the {µ, ν2} indices and
thus is already perfectly symmetric w.r.t. the {µ, ν1, ν2} indices. Thus (37) is simply
Eµ;ν1,ρ1σ1;ν2,ρ2σ2 = 0 . (38)
In other words, Eµ is at most linear in Aα,βγ and thus can be written as
Eµ = Eµ;α,βγAα,βγ +K
µ , where Eµ;α,βγ = Eµ;α,βγ(Aν,ρ , ηρσ , ǫ) , K
µ = Kµ(Aν,ρ , ηρσ , ǫ) . (39)
Note that in even spacetime dimensions, one cannot construct Kµ using Aν,ρ , ηρσ and ǫ, because all those tensors
have even number of indices. Thus Kµ is nonzero only in odd spacetime dimensions.
Eq. (39) is the main result of the present paper, meaning that the equations of motion are at most linear in the
second derivatives of the vector field. This concludes the proof of the no-go theorem for generalized vector Galileons.
6IV. FURTHER PROPERTIES OF EQUATIONS OF MOTION AND ACTION
In the previous section we already proved the no-go theorem for generalized vector Galileons in D-dimensional flat
spacetime. In this section we shall discuss further properties of the equations of motion and the corresponding action.
A. Symmetries of Eµ;ν,ρσ;αβ and Kµ
Expanding the spacetime derivative ∂σ in (20) using chain rule, and then taking derivative with respect to Aα,βγ ,
we obtain
Eν;µ,ργ;α,β + Eν;µ,ρβ;α,γ − Eν;α,βγ;µ,ρ − Eµ;α,βγ;ν,ρ = 0 . (40)
Inserting (39) into (20) and using (40), we get that
Kµ;ν,ρ +Kν;µ,ρ = 0 . (41)
Also, from (26), we have
Kµ;ν,ρ +Kµ;ρ,ν = 0 . (42)
The above two conditions also imply
Kµ;ν,ρ +Kρ;ν,µ = 0 . (43)
Thus Kµ;ν,ρ is totally anti-symmetric. This anti-symmetry is inherited in Kµ;ν1,ρ1;ν2,ρ2;...;νn,ρn in D = 2n+ 1 dimen-
sions, such that Kµ;ν1,ρ1;ν2,ρ2;...;νn,ρn is also totally anti-symmetric.
B. Eµ in terms of field strength
It is convenient to introduce the field strength as usual
Fαβ ≡ ∂αAβ − ∂βAα. (44)
By introducing symmetric tensors
Sαβ ≡ ∂αAβ + ∂βAα,
Sαβγ ≡ ∂α∂βAγ + ∂β∂γAα + ∂γ∂αAβ , (45)
we can express the first- and second-order derivatives of Aα in terms of Fαβ , Fαβ,γ , Sαβ and Sαβγ as
∂αAβ =
1
2
(Sαβ + Fαβ),
∂α∂βAγ =
1
3
(Sαβγ + Fβγ,α − Fγα,β). (46)
Let us then introduce
E˜µ(Sνρ , Fνρ , Sνρσ , Fνρ,σ , ηρσ , ǫ) ≡ Eµ(Aν,ρ , Aν,ρσ , ηρσ , ǫ), (47)
where we have used (27)-(28). It is easy to show that (26) and (24) are rewritten as
∂E˜µ
∂Sνρ
= 0,
∂E˜µ
∂Sνρσ
= 0. (48)
Therefore, the equations of motion depend only on Fαβ , Fαβ,γ , ηαβ and ǫ.
7C. Gauge invariance of the action
We have assumed the gauge-invariance of the equations of motion and we have also assumed that the equations of
motion can be derived from an action principle. On the other hand, the gauge invariance of the action follows from
those two assumptions.
To see that, we note that Eq. (39) leads to
∂µE
µ = Eµ;ν,ρσ;α,βAν,ρσAα,βµ +K
µ;α,βAα,βµ + E
µ;α,βγAα,βγµ . (49)
All those three terms on the r.h.s. vanish, because of Eqs. (40), (43) and (32) respectively. In particular, upon using
(26), (29), (30) and (35), the first term is rewritten as
Eµ;ν,ρσ;α,βAν,ρσAα,βµ =
1
4
(
E(µ|;ν,ρσ;α,|β) + E(σ|;α,βµ;ν,|ρ)
)
Aν,ρσAα,βµ
=
1
4
(
−E(µ|;ν,ρσ;|β),α + Eµ;β,α(σ|;ν,|ρ)
)
Aν,ρσAα,βµ, (50)
and thus vanishes because of (26). With ∂µE
µ = 0 and the variation of the action (10), one finds that the action is
gauge invariant.
D. Chern-Simons term
Here we discuss integration from the equations of motion to obtain the corresponding action. We separate the
action into two parts,
I = IM + ICS , (51)
where
δIM =
∫
dDx
(
−2
3
Eµ;ν,ρσFνρ,σ
)
δAµ , (52)
and
δICS =
∫
dDxKµδAµ . (53)
The first term IM corresponds to a generalization of the standard Maxwell action, leading to equations of motion
linear in second derivatives of the vector field. For example, an action of the form
∫
dDxL(Fµν , ηµν , ǫ) . (54)
is of this type. We conjecture that (54) is the most general action of this type, leaving its proof as a future work.
As for the second term ICS , we have already noted that K
µ = 0 (and thus ICS = 0) in even dimensions. We now
integrate (53) explicitly in odd (D = 2n + 1) dimensions. The total anti-symmetry of Kµ;ν1,ρ1;ν2,ρ2;...;νn,ρn implies
that
Kµ;ρ1,σ1;··· ;ρn,σn = K0ǫ
µρ1σ1ρ2σ2···ρnσn , (55)
where K0 is a constant
3. We can then integrate this quantity, step by step, to obtain:
Kµ = κ ǫµρ1σ1ρ2σ2···ρnσnFρ1σ1 · · ·Fρnσn , (56)
3 To show that K0 is a constant, we note that K
µ;ν1,ρ1;ν2,ρ2;...;νn,ρn;νn+1,ρn+1 vanishes identically in D = 2n+ 1 dimensions because of
its total anti-symmetry.
8where κ is a constant, and the integration constants at each step are forced to be zero by the symmetries. Using this
form, we can write the variation of the action as
δICS = κ
∫
dDx ǫµρ1σ1ρ2σ2···ρnσnFρ1σ1 · · ·FρnσnδAµ ,
= 2(D−1)/2κ
∫
dDx ǫµρ1σ1ρ2σ2···ρnσn∂ρ1Aσ1 · · · ∂ρnAσnδAµ ,
= 2(D−1)/2κ
∫
dDx ǫµρ1σ1ρ2σ2···ρnσn∂ρ1δAσ1 · · · ∂ρnAσnAµ , (57)
where in the last step, we integrated by parts and used the symmetry of the Levi-Civita tensor. The relation between
the last two lines allows us to write:
δICS =
2(D+1)/2
D + 1
κ
∫
dDx ǫµρ1σ1ρ2σ2···ρnσn [∂ρ1δAσ1 · · · ∂ρnAσnAµ + · · ·+ ∂ρ1Aσ1 · · ·∂ρnδAσnAµ
+∂ρ1Aσ1 · · · ∂ρnAσnδAµ]
=
2(D+1)/2
D + 1
κ
∫
dDx ǫµρ1σ1ρ2σ2···ρnσnδ [∂ρ1Aσ1 · · · ∂ρnAσnAµ] , (58)
which can be trivially integrated to give
ICS =
2 κ
D + 1
∫
dDx ǫµρ1σ1ρ2σ2···ρnσnFρ1σ1 · · ·FρnσnAµ . (59)
This is precisely the Chern-Simons term in D = 2n+ 1 dimensions.
V. CONCLUSION AND DISCUSSIONS
Given the assumptions of flat spacetime, a single copy of U(1) gauge field, gauge invariance and Lorentz invariance
of equations of motion, that the equations of motion are second order and follow from an action principle, we have
shown that the Galileon-like terms are not allowed. The equations of motion are at most linear in ∂∂A.
Since we have assumed that the equations of motion follow from an action principle, it would be necessary, for
completeness, to derive explicitly the form of the action. In Sec.IVD we showed that the terms containing no ∂∂A
can be integrated into a Chern-Simons term. For what concerns the other piece of the field equations (the one linear
in linear in ∂∂A) it is clear that actions of the form (54) lead to such equations. However, the proof that this is the
only possibility is left for a future work.
As typically in physics, a no-go theorem is no better than its assumptions. When we relax our assumptions,
equations of motion nonlinear in ∂∂A can be obtained. For example, if multiple copies of U(1), or a non-Abelian
gauge field is considered, Galileon-like terms can appear [11]
L = εµ1µ2...εν1ν2...... F aµ1µ2...F bν1ν2...
(
∂µkF
c
νlνl+1... . . .
)(
∂νjF
d
µmµm+1... . . .
)
. (60)
As another example, in non-flat spacetime, vector Horndeski term arise [19]
L ∝ √−g ǫαβγδ ǫµνρσFµνFαβRρσγδ . (61)
Note that similar actions can be obtained by “covariantizing” actions (i.e. in this context coupling to gravity, while
maintaining the second order nature of the field equations, see the discussion in [11]) such as (5) which are trivial on flat
space-times, but lead to a non trivial dynamics on curved manifolds. It would be interesting to probe systematically
more general theories by relaxing our conditions.
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Appendix A: The simplest vector Galileon in 4 dimension: a no go theorem
We are looking for possible “Galileons” with one forms. I.e. we seek for an action for a spin 1 whose equations of
motion are purely second order. Restricting ourselves to polynomial forms, as shown in the main text, the first non
trivial possible Lagrangian must be a linear combination of the following 18 terms
L1 = FµνFµν(∂λF ρσ)(∂λFρσ), L2 = FµνFµν(∂ρFλσ)(∂λF ρσ), L3 = FµσFµν(∂ρFλρ)(∂σFνλ)
L4 = FµσFµν(∂νF ρλ)(∂σFρλ), L5 = FµσFµν(∂ρF λν )(∂σFρλ), L6 = FλρFµν(∂µF ρσ)(∂νFλσ)
L7 = FλρFµν(∂λF ρσ)(∂µF νσ), L8 = FλρFµν(∂σF ρσ )(∂µF νλ), L9 = FλρFµν(∂σF νσ )(∂µFλρ)
L10 = FλρFµν(∂σFλρ)(∂µF νσ ), L11 = FλρFµν(∂σF νρ)(∂µF λσ ), L12 = FµνFµν(∂σF σρ )(∂λFλρ)
L13 = F σµ Fµν(∂ρFνρ)(∂λFσλ), L14 = F σµ Fµν(∂λF ρσ )(∂λFνρ), L15 = F σµ Fµν(∂λFνρ)(∂ρFσλ)
L16 = FλρFµν(∂µFλσ)(∂ρF νσ), L17 = FλρFµν(∂σFλρ)(∂σFµν), L18 = FλρFµν(∂σF νρ)(∂σFµλ) (A1)
which exhaust all possible index contractions inside terms with the structure of FF∂F∂F . Note that some of these
terms can be seen to be proportional to each other using the Bianchi identities
∂[µFνρ] = 0. (A2)
We are looking for an action density, in D = 4 dimensions, of the form
i=18∑
i=1
CiLi. (A3)
The action density (5), although written in 5 dimensions, can be expressed as a linear combination of the above form
with the following coefficients4
C1 = −4, C2 = 0, C3 = 32, C4 = 8, C5 = 0, C6 = 0
C7 = 0, C8 = 0, C9 = 16, C10 = 0, C11 = 0, C12 = −8
C13 = −16, C14 = 16, C15 = 0, C16 = 16, C17 = −4, C18 = 0
(A4)
Let us now consider the most general form (A3). If we demand that the equations of motion do not contain fourth
and third derivatives, we obtain (after quite long calculations) the 8 conditions
C1 = 12C12 − 12C2 C3 = − 12C11 + 32C14 + 32C15 + 12C16 − C18C4 = − 14C11 + 2C12 + 34C14 + 14C15 − 14C16 − 32C18 + C9 C5 = −4C12 − C14 + C15 + C16 + 2C18 − 2C9C6 = 12C11 − 12C14 − 12C15 + 12C16 + C18 C7 = −2C10 − 12C11 + 4C12 + 12C14 + 12C15 + 12C16 − 4C17 − C18
C8 = 12C11 + 4C12 + 12C14 + 12C15 − 12C16 + C18 + 2C9 C13 = −C14 − C15
(A5)
4 This rewriting is similar to the one which can be done for scalar Galileons with actions of the form (1), which is just a linear combination
of contractions of n factor of ∂∂pi with two ∂pi
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One can see that those relations are fulfilled by coefficients (A4). In the most general case, when the above relations
(A5) are fulfilled, one is left with a 10 parameters5 family of Lagrangians given by
4L = C2(−2L1 + 4L2) + C9(4L4 − 8L5 + 8L8 + 4L9) + C10(4L10 − 8L7)
+C11(4L11 − 2L3 − L4 + 2L6 − 2L7 + 2L8) + 2C12(L1 + 2L12 + 4L4 − 8L5 + 8L7 + 8L8)
+C14(−4L13 + 4L14 + 6L3 + 3L4 − 4L5 − 2L6 + 2L7 + 2L8)
+C15(−4L13 + 4L15 + 6L3 + L4 + 4L5 − 2L6 + 2L7 + 2L8)
+C16(4L16 + 2L3 − L4 + 4L5 + 2L6 + 2L7 − 2L8) + C17(4L17 − 16L7)
+C18(4L18 − 4L3 − 6L4 + 8L5 + 4L6 − 4L7 + 4L8) (A6)
However, this action leads to vanishing field equations on flat spacetime.
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